y^K 517.984.5+519.614.2+519.671 

O BbiHHCjieHHH co6cTBeHHbix 3HaHeHHH 3a,a;aHH IIlTypMa— JlnyBHjijia c 
HH^ecJiHHHTHbiM BecoM, HMeioinHM caMono^o6Hyio nepBOo6pa3Hyio 

A. A. Bjia^HMnpoB* 
MocKoecKuu rocydapcmeeHHUu yHueepcumem um. M. B. JIoMonocoea, 
| MexaHUKO-MameMamuHecKuu (fiaKyAbmem' 

o 

B CTaTBe onncbiBaeTca scpcpeKTiiBHbift MeTOfl BbiHiicneHiia co6cTBeHHbix 3HaHeHiiH rpainiHHOH 

q ! -y" - ^py = o, 

O: »(o) = y(i) = o, 



(N 



rfle p ecTB cpyHKDjia 113 npocTpaHCTBa W 2 [0,1], HMeiomaa caMonoflo6HyK) o6o6meHHyio 
nepBOo6pa3Hyio P € L 2 [0, 1]. 



< 

1 . IJejibio HacToameii CTaTbH asjiaeicsi H3Jio»ceHHe cnoco6a BbiiiicjieHiia tohhhx on,eHOK co6cTBeHHbix SHaiemiH 
rpaHH^Hoii sa^a^ii 

(0.1) -y" - Xpy = 0, 

Tfr i (0-2) 2/(0) = y(l) = 0, 

rflfi BecoBaa (pyHKn,Hfl p npima^jiejKHT npocTpaHCTBy W^^O, 1] h hm66t caMono,n,o6Hyio o6o6in,eHHyio 
\^ , nepBOo6pa3Hyio P G ^[0, 1]. 9tot MeTO,n, 6bra ncnojib30BaH npH ncray^eHira iiianeHHbix npnMepoB, 

C^) • npHBefleHHbix b pa6oTax [BIII1] h [BIII2]. 

§ 1. CBefleHHe 3aflain k KOHeiHOMepHOH 

s 

> 

1. Kax h b pa6oTax [BIII1] h [BIII2], no,n undeKCOM UHepv,uu indF spMHTOBa onepaTopa F, fleiicTByiomero 
b H6KOTopoM rHJib6epTOBOM npocTpaHCTBe Sj, mm 6y,n,eM noHHMaTb TO^Hyio BepxHioio rpaHb pa3MepHOCTeii 
KOHe^HOMepHbix no^,npocTpaHCTB 9Jt C Sj, yflOBJieTBoparomiix ycnoBiiio 

(1.1) 3e>0Va;G9Jl (Fx,x) < -e||x|||. 

IlMeeT MecTO cjieflyiomHH (paKT: 

1.1. Ilycmb ioi w — dea 8UJib6epmoeux npocmpaHcmea, a Sj — npxMaM cyMMa Sji © Sj2 npocmpaucme f)\ u 
f)2- Ilycmb maKCHce F : Sj —> f) — ozpaHuneHHUu apMumoe onepamop c 6jioHHO-MampuHHUM npedcmaejienueM 



F = 



A B* 
B C 



* 3jieKTpoHHBift a^pec: vladimi@mech.math.msu.su 

^Pa6oTa noflflepjKaHa POOH, rpaHT N ! 04-01-00712, rpaHTOM noflflepjKKH BeflynjHx HayiHBix uikoji HIII-5247. 2006.1, h INTAS, 
rpaHT Ks 05-1000008-7883. 
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e KomopoM onepamop C : 9)2 —> £)2 paenoMepno nojiootcumejien. Tosda eunojintiemcM, paeencmeo 
(1.2) indF = ind(A-B*C" 1 B). 



/IoKa3aTejibCTBO. Bbh^y orpamrieHHoii o6paTHMOCTH onepaTopa C, ,a;jifl onepaTopa F mojkho 
paccMOTpeTb (paKTopH3au;Hio <3>po6eHHyca-niypa F — H*FqH, rp<e ^epes H h Fq o6o3Ha x ieHbi onepaTopbi 

C 6jIO x IHO-MaTpH x IHbIMH npe^CTaBJieHHflMH 

/ 1 0\ (A-B*C~ X B 0\ 

H - ^c- 1 ^ \) ' ^ o cj- 

Ilpn 3tom onepaTop -ff o6jia#aeT orpaHH^eHHMM o6paTHMM BH^a 

H ^ = {-C^B l) ' 

a fljia jiio6oro BeKTopa x £ $) BbinanHfliOTCH paBeHCTBa 

(Fx,x) = (H*F Hx,x) 

= (F (Hx),(Hx)}. 

Tor^a fljiR jiio6oro KOHe^HOMepHoro no^npocTpaHCTBa 9Jt C Sj, y,n,OB.neTBopfliomero ycjiOBHio (1.1), 
no,a;npocTpaHCTBO 9Jlo ^ H9JI hmggt Ty »ce pa3MepHOCTb h yflOBjieTBopaeT ycjiOBHio 

(1.3) 3e>Q\/xeWl (F x,x) ^ -e\\x\\%, 

a fljifl jiio6oro KOHeHHOMepHoro noflnpocTpaHCTBa 9Jto C 9), yflOBjieTBopfliomero ycjiOBHio (1.3), 
no^,npocTpaHCTBO 9Jt ^ H~ 1 dJlo HMeeT Ty »ce pa3MepHOCTb h yflOBJieTBopaeT ycjiOBHio (1.1). TaKHM o6pa30M, 
BbinojiHaeTCfl paBeHCTBO ind-F = indFo. BBH,n,y nojiojKHTejibHOCTii onepaTopa C, sto osHa^aeT BbinanHeHiie 
paBeHCTBa (1.2). □ 



2. B flajibHeiiineM ^epes $) mm 6ypfiM o6o3HaHaTb npocTpaHCTBO Co6ojieBa W\ [0,1], CHa6»ceHHoe cxajiflpHbiM 
npoH3Be^,eHHeM 



(y, z) ^ J y'z' dn, 



r^e d\i — jiHHeiiHafl Mepa Jle6era. IlpocTbiM cne^CTBHeM TeopeMbi [BLU1, TeopeMa 4.1] flBjraeTCfl TaKoii dpaKT: 

2.1. Ilycmb F — nyncm deucmeywinux e npocmpancmee $) Jiuneunux onepamopoe, ydoejiemeopM,mw ) uu 
mootcdecmey 

l 

(1.4) VAeMVyG^ (F(\)y,y) = J (\yf + \P ■ (\y\ 2 )'^ d». 

o 

Ilycmb manatee {v n }^ =1 — nocjiedoeamejibHocmb (eo3MOdtcHO, nacmuuHaM,) cocuumawHux e nopsidne 
eo3pacmanun nojiootcumejibHux co6cmeenHux 3nanenuu zpanunHou 3adanu (0.1), (0.2). Tozda djin Jiw6ux 
HamypajibHoso nucjia n ^ 1 u eeuificmeennozo nucjia A <E (0, v n ) eunojinnemcn Hepaeencmeo indF(A) < n, 
a djiM, jiw6ux namypajibnozo nucjia n ^ 1 u eeuificmeennozo nucjia A G (v n ,+oo) eunojiutiemcM, Hepaeencmeo 
indF(A)^n. 

TaKHM o6pa30M, npn HajiH^HH b HaineM pacnopajKeHHH MeTO,a;a BMiHCJieHHA ^ocTaTOHHO tohhhx oueHOK 
HH^eKCOB HHepiniH onepaTopoB 113 ny^xa F mm mojkgm BbniiciiflTb on,eHKH co6ctb6hhmx 3HaHeHHii rpaHHHHoii 
sa^a^H (0.1), (0.2) Ha ocHOBe MeTcma ^ejieHHfl OTpe3Ka. 
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3. IlycTb Tenepb S — Ha6op H3 HaTypajibHoro HHCJia N > 1 h BemecTBeHHbix ^iiceji ak > 0, d k h j3 k , r,n,e 

k = 1, . . . , N, yflOBJieTBOpflKUipiX COOTHOHieHHflM 



N 



^2a k = l, 6 S ^ 



k=i 



N 



^ fc=i 



Kax h b pa6oTe [BIII1], c Ha6opoM S mm CBA3biBaeM ceMeiicTBO {Gk)k=i fleiicTByioiinix b npocTpaHCTBe L^]f), 1] 
jiHHeiiHbix onepaTopoB BH,i;a 

V(C, C [0, 1] Gfe X(C,£) = X(a fe +o fe C,a fe +a fe i) > 

r,n,e nepe3 {ctk)k=i o6o3HaHeH Ha6op Hiiceji BH^a a.\ = 0, ak+i = ca k + dfc, a nepe3 \i — HH#HKaTopbi 
npoMe»cyTKOB /. Ilpn stom Ha ocHcme ceMeiicTBa onepaTopoB {Gk}k=i MbI KOHCTpyiipyeM HejiHHeiiHMH, BOo6m,e 
roBopa, onepaTop Gs BH^a 

N 

(1-5) V/eL 2 [0,l] Gsf^^2(d k -G k f + k - X (a k ,a h+1 ))- 

fe=l 

3tot onepaTop flBjiaeTCfl OKHMaioirniM, h BBe,a;eHHafl paHee BejiHHHHa 9 s npe^CTaBjiaeT co6oii ero KoadpcpninieHT 
OKaTiifl (cm. [BIII1, JleMMa 3.1]). 

CjKHMaroiinie onepaTopbi, ,n,onycKaioiHHe npe^CTaBJieHne b Bime (1.5), mm Ha3MBaeM onepamopciMU nodo6usi. 
•SyHKipiH / £ L2[0, 1], flBjraiomHecfl hgiio^bhjkhmmh TOHKaMH onepaTopoB no,iio6Hfl, mm Ha3MBaeM 
caMonodo6nuMU. Ha6op Hnceji S, KOTopoMy OTBe^aeT onepaTop tioroGvlsi Gs, ocTaBjifliomHH hgiio^bhjkhoh 
HeKOTopyio 3apaHee (piiKCiipoBaHHyio dpyHKiniio / G L2IO, 1], mm Ha3MBaeM Ha6opoM napciMempoe caMonodo6usi 
(pyHKipiH /. 



4. C npoH3BOJibHO (pHKCHpoBaHHMM Ha6opoM S napaMeTpoB caMonoflo6nfl dpyHKiniH P mm b ^ajibHeiiineM 6y#eM 

1 \ 1 
ife=i 



CBH3MBaTb KOHe^HOMepHoe no^,npocTpaHCTBO ios,i npocTpaHCTBa F), o6jia,n,aioiHee 6a3HCOM {ys,k}k=i BH,n,a 



npn x G [a k ,a k+ i], 



ak _ 

VsA*) = \ ak+2 X u m x€[a k+1 ,a k+2 ], 
ak+i 
HHa^e. 

Ilpn 3tom nepe3 $)s,2 mm 6y^,eM o6o3HaHaTb opToroHajibHoe ^onaiiHeHHe f)s,i no^npocTpaHCTBa $js,i- 
HeTpyznro BH^,eTb, hto cnpaBe^jiHBO cne,n,yioiHee yTBepjK^eHne: 

4.1. IIodnpocmpaHcmeo 9)s,2 UMeem eud $)s,2 = {y £ ft | Vfc = 2, . . . , N y{ak) = 0}. 

BBe^eM Tenepb b paccMOTpemie Tpn ny^xa As, Bs h Cs JiHHeiiHMx onepaTopoB, SHa^eHKHMii kotopmx 
As{X) ■ i0s,i — ► ^)s,i, -85(A) : f)s,i —* $)s.2 h Cs(A) : f)s,2 £)s,2 npn npoH3BOJibHO (pHKCiipoBaHHOM A £ 1 

flBJIflHDTCfl SJieMeHTM 6jIOHHO-MaTpHHHOrO npe^CTaBJieHHfl 

™- (£81 380 

onpe^ejieHHoro ycjiOBneM (1.4) onepaTopa i^(A). HMeeT MecTO cne^yronpiii (paKT: 

4.2. ITycrrib danu dea eeinecmeeuHux hucao A > u e > 0, ydoeAemeopsiminue HepaeencmeaM e ^ 2||i?5(A)|| 2 
u || Cs (A) — 1|| < 1/2. Tozda eunoAHMwmcsi Hepaeencmea indAs(A) ^ indF(A) u indF(A) ^ ind(As(A) — e) 
[1.1]. 

yTBepjK^eHne 4.2 no3BOJiaeT CBecTH sa^a^y BM^ncjieHHA on,eHOK im^eKca HHepn,HH onepaTopa F(X) 
k ^onycKaiomeii Henocpe^CTBeHHoe penieHne Ha 3BM sa^a^e BMHHCJieHHfl on,eHOK HH^eKCOB HHepu,HH 
KOHe^HOMepHbix onepaTopoB As{\) h ^4s(A) — e. 0,a;HaKO npn stom BCTa&r Bonpoc 06 o6jiacTH npiiMeHHMOCTH 
yTBepjK,i;eHHfl 4.2 h o CTeneHH tohhocth nojiy^aeMbix Ha ero ocHOBe oijeHOK BejiHHHHM indi ;l (A). Hsy^eHHio 
SToro Bonpoca 6y^eT nocBflin,eH cjie^yromnii naparpadp. 
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§ 2. Hccjie^oBaHHe tohhocth KOHeiHOHepHbix npn6jiH>KeHHH 



1. HMeeT MecTO cjieflyiomilii (paKT: 

1.1. Ilycmb danu na6op S napaMempoe caMonodo6uM, <fiynKV ) uu P u eeuificmeennoe hucjio A > 0. Tozda 
eunojinnwmcn nepaeencmea \\Bs(X)\\ ^ X9s ||-P||l 2 [o,i] u \\Cs{\) — 1|| ^ XOs ||-P||l 2 [o.i] • 

floKa3aTejii>CTBO. 3aMeTiiM, hto nojiyTopajiiiHeHHbie dpopMbi onepaTopoB Bs(X) ii Cs(X) — 1 
y,a;oBjieTBop.HiOT TOJK,a;ecTBaM 



Vy e Sis,i g io s ,2 {B s (X)y, z) = X- P- (yz)' dfi 



Vy,z£f) S ,2 ((Cs{X) - l)y,z) = X ■ Jp-{yz)'dn. 



IlpH 9tom (pyHKiiHH P b npaBbix HacTflx BbinncaHHbix TOJK,a;ecTB MOJKeT 6biTb 3aMeHeHa (pyHKipieii Ps G -^[O, 1] 

BH^a P s ^ J2k=i d k • Gfe-P [§ 1-4-1], yflOBjieTBopaioiiieH oHemiflHOMy paBGHCTBy ||Ps||l 2 [o : i] = S ||-P||l 2 [o,i]- 
3aMGTHM TaK»ce, hto fljifl jiio6bix flByx (pyHKipiH y, z G f) BbinaniraiOTCfl coothoiiighhh 

||(p)'||l,2[0,l] < I|P'IU 2 [0,1] + WV z \\l 2 [Q,1] 

< lly|lc[o,i] • P'||l 2 [04] + INIc[o,i] • l|y'IU 2 [o,i] 

lb]LL2[M || /,, , ll*'IUa[0,l] I, /|| 

^ 2 W z IU 2 [o,i] H 2^ " y l^ 2 ! ' 1 ! 

= II2/IU • NU- 

C y^eTOM c^,ejiaHHbix 3aMeHaHira, ,n,OKa3biBaeMoe yTBep»y],eHiie TpiiBiiajibHbiM o6pa30M BbiBO,n,iiTC5i H3 
HGpaBGHCTBa KoniH-ByHHKOBCKoro. □ 



2. HMeiOT MecTO aieflyiomiie Tpii npocTbix (paKTa: 

2.1. Piycmb danu na6op S napaMempoe caMonodo6uM, $ynKU,uu P u namypajibnoe hucao m > 1. Tozda onepamop 
G™ nejinemcn onepamopoM nodo6un c nenodeuotcnou moHKOu P. 

2.2. Uycmb dano eeuificmeennoe hucjio e > 0. Tozda cyuificmeyem na6op S napaMempoe caMonodo6uM, 4>ynKU,uu 
P, ydoejiemeopsimu/^uu nepaeencmey s < £ [2.1]. 

2.3. Tlycmb danu na6op S napaMempoe caMonodo6un 4>ynKU,uu P u dea eeuificmeennux hucao X > u 
e > 0, ydoejiemeopsimu^ue nepaeencmeaM e ^ 2X 2 9 S ||-P||| 2 [ ^ u XOs \\P\\l 2 [o,i] < 1/2- Tozda eunojinsiwmcsi 
Hepaeencmea indyls(A) indF(A) u indF(A) sC ind(4s(A) - e) [§ 1.4.2, 1.1]. 

yTBep»c^,eHHfl 2.2 ii 2.3 yKa3biBaiOT cnoco6 Bbraianemifl on,eHOK im,n,eKca iiHepn,nii onepaTopa F(X) npii 

npOH3BOJIbHO (pHKCHpOBaHHOM 3HaHeHIlIl A > 0. 

3. IlycTb Tenepb v n — iiMeiomee npoH3BOJibHO (piiKCiipoBamibiH HOMep n ^ 1 nojiojKiiTejibHoe co6cTBeHHoe 
SHa^eHiie 3a,n,aHii (0.1), (0.2). 

3aMGTHM, ito npn jik>6om 3HaHeHHH A G (0, v n ) cymecTByeT BemecTBeHHoe ^hcjio 5 G (0,1), 
yflOBjieTBopfliomee HepaBeHCTBy A < (1 — 5)v n . B TaxoM cjiy^ae ,a;jifl jiio6bix Ha6opa S napaMeTpoB caMono,iio6Hfl 
(pyHKn,HH P h Bem,ecTBeHHoro HHCJia e G (0, <5] , y^,OBJieTBopinoni,Hx ycnoBiiHM yTBep»c^,eHH5i 2.3, BbinojiHHiOTCfl 
cooTHOineHHii 

ind(As(A)-eKind(As(A)-(5) 
ind(F(A) - 5) 

= indi ^_A_) [(1 . 4 )] 
< n. [§ 1.2.1] 
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3aMeTHM TaK»ce, hto npn jiio6om SHa^eHnn A G (f„,+oo) onepaTop F(X) — 1 asjiaeicsi BnojiHe 
HenpepbiBHMM [2.2, 1.1]. IIosTOMy cymecTByeT BemecTBeHHoe hhcjio 5 E (0, 1/2), y^oBJieTBopinomee paBeHCTBy 
ind(F(A)+5) = ind F(X) (cm. [PH, nyHKT 95]). B TaKOM cjiy^ae fljifl jiio6oro Ha6opa S napaMeTpoB caMono,iio6Hfl 
cpyHKinin P, yflOBjieTBopfliomero HepaBeHCTBy 2X 2 0g ||-P||f, 2 [ ^ 6, BbinaiiHfliOTCH cooTHOineHna 

ind A S (X) > md(A s (X) + S - B s (XyC s 1 (X)B S (X)) [1.1] 
^ ind(F(A) + S) [§1.1.1] 
= indF(A) 

> n. [§ 1.2.1] 

TaKHM o6pa30M, nany^aeMbie Ha ocHOBe yTBepjK^eHHH 2.2 n 2.3 oi^ghkh bgjihhhh ind-F(A) ncGBOJLHiOT fljra 

JIK)6bIX flByX BeiH,eCTBeHHbIX HHCejI Al > I A2 >Al yCTaHOBHTb BepHOCTb 0^,HOrO H3 HepaBeHCTB X\ ^ V n HJIH 

A2 ^ v n . HHane roBopa, ohh no3BOJiflK)T Haxo^HTb npn noMonni MeTO^a ^ejieHHfl OTpe3Ka CKOJib yro^HO TOTHbie 

OU^GHKH C06CTBeHH0r0 3HaneHHfl v n . 



§ 3. HenocpeflCTBeHHoe BMHHCJieHne oijeHOK 



1. Hcnojib30BaHne ycjiOBHfl caMonoflo6nfl cpyHKnnn P no3BOJiaeT BbinncbiBaTb pexyppeHTHbie dpopMyjibi pjisi ee 
CTeneHHbix momghtob 



1 

P q ^ j P-x q dn, (7 = 0,1,2,... 





B nacTHOCTH, ynoTpe6jifleMbie b ^ajibHeiinieM momghth HyjieBoii h nepBoii CTeneHeii hmgiot bh,i; 



N N 



J2 a kPk J2 a k ■ ( + a k d k -P a + a k Pk 

P_ k=l -r, fe=l 

r, 1 ^1 



N ' 1 N 

1 - E a k dk 1 - E a k d k 

k=l k=l 



2. IIpflMbiM npoc^eTOM ycTaHaBJiHBaeTCH cne^yioinHH (paKT: 

2.1. Ilycmb danu na6op S napciMempoe caMonodo6un <fiynKV ) uu P u dea eevnecmeenHux nucjia A > tie^O. 
Tozda Mampuup, KeadpamuuHou (fiopMU onepamopa As(X) — e e 6a3uce {ys,k}k=i siejisiemcsi mpexduazonajibHou 
u UMeem ajieMenmu 

((As(X) - e) y s ,k, ys.k) = (1 - e) ■ [a^ 1 + a^] + X ■ [2d k+1 (Pi - P ) + 2d k Pi+0 k - 0k+i] , 
((4s(A) - e) y s ,k, y S ,k-i) = -(1 - s) ■ a' 1 - X ■ d k {2P 1 - P„). 

CnrHaTypa MaTpnnbi H3 yTBepjKfleHHfl 2.1 mcokbt Tenepb 6biTb BbimcneHa pa3JinnHbiMH cnoco6aMH — 
HanpiiMep, KaK hhcjio nepeMeH 3Haxa b pflfle rjiaBHbix mhhopob stoh MaTpnijbi. 

3. ManiHHHaa nporpaMMa Ha A3biKe PE<I>AJ1, Bbinncjifliomafl oi^ghkh nojioJKHTejibHbix co6cTBeHHbix 
SHa^eHHH sa^aHH (0.1), (0.2) Ha ocHOBe h3jio>kghhoh cxeMbi, Mctsce-T 6biTb Haii^eHa no a,a;pecy 
http : //www . math . msu . su/labs/spectrallab/ sof t/Dirichlet . ref . 
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